Summary. In this article, the orthogonal projection and the Riesz representation theorem are mainly formalized. In the first section, we defined the norm of elements on real Hilbert spaces, and defined Mizar functor RUSp2RNSp, real normed spaces as real Hilbert spaces. By this definition, we regarded sequences of real Hilbert spaces as sequences of real normed spaces, and proved some properties of real Hilbert spaces. Furthermore, we defined the continuity and the Lipschitz the continuity of functionals on real Hilbert spaces.
The notation and terminology used in this paper have been introduced in the following articles: [20] , [21] , [22] , [35] , [4] , [16] , [15] , [27] , [5] , [6] , [18] , [25] , [28] , [17] , [23] , [2] , [7] , [33] , [34] , [30] , [31] , [12] , [26] , [10] , [11] , [13] , [14] , [32] , and [8] .
Preliminaries
Let X be a real unitary space. The norm of X yielding a function from the carrier of X into R is defined by (Def. 1) for every point x of X, it(x) = x .
The real normed space of X yielding a real normed space is defined by the term (Def. 2) the carrier of X, the zero of X, the addition of X, the external multiplication of X, the norm of X . Now we state the propositions:
(1) Let us consider a real unitary space X, a point x of X, and a point x 1 of the real normed space of X. If x = x 1 , then −x = −x 1 .
(2) Let us consider a real unitary space X, points x, y of X, and points x 1 , y 1 of the real normed space of X. If x = x 1 and y = y 1 , then x − y = x 1 − y 1 .
(3) Let us consider a real unitary space X, a point x of X, and a point x 1 of the real normed space of X. Suppose x = x 1 . Then x = x 1 .
Let us consider a real unitary space X, a sequence s 1 of X, and a sequence s 2 of the real normed space of X. Now we state the propositions: (4) If s 1 = s 2 , then s 1 is convergent iff s 2 is convergent. The theorem is a consequence of (1).
(5) If s 1 = s 2 and s 1 is convergent, then lim s 1 = lim s 2 . The theorem is a consequence of (4) and (1).
(6) If s 1 = s 2 , then s 2 is Cauchy sequence by norm iff s 1 is Cauchy.
Proof: For every real number r such that r > 0 there exists a natural number k such that for every natural numbers n, m such that n k and m k holds s 2 (n) − s 2 (m) < r by [22, (2) ], (1). (7) Let us consider a real unitary space X. Then X is complete if and only if the real normed space of X is complete. The theorem is a consequence of (6) and (4).
Let X be a real Hilbert space. Note that the real normed space of X is complete.
Let X be a real unitary space and Y be a subset of X. (10) Let us consider a real unitary space X, a function f from X into R, a function g from the real normed space of X into R, a point x 0 of X, and a point y 0 of the real normed space of X. Suppose f = g and x 0 = y 0 . Then f is continuous in x 0 if and only if g is continuous in y 0 . The theorem is a consequence of (4) and (5).
(11) Let us consider a real unitary space X, a function f from X into R, and a function g from the real normed space of X into R. Suppose f = g. Then f is continuous on the carrier of X if and only if g is continuous on the carrier of the real normed space of X. The theorem is a consequence of (10). (2), (3), [20, (12) , (29)].
Let X be a real unitary space, Y be a set, and f be a partial function from the carrier of X to R. We say that f is Lipschitzian on Y if and only if (Def. 7) Y ⊆ dom f and there exists a real number r such that 0 < r and for every points
. Now we state the propositions: (13) Let us consider a real unitary space X, a function f from X into R, and a function g from the real normed space of X into R. Suppose f = g. Then f is Lipschitzian on the carrier of X if and only if g is Lipschitzian on the carrier of the real normed space of X. The theorem is a consequence of (2) and (3). (14) Let us consider a real unitary space X, and a function f from X into R. Suppose f is Lipschitzian on the carrier of X. Then f is continuous on the carrier of X. The theorem is a consequence of (13) and (11). (15) Let us consider a real unitary space X, and a linear functional F in X.
Suppose F = (the carrier of X) −→ 0. Then F is Lipschitzian. Let X be a real unitary space. Let us observe that there exists a linear functional in X which is Lipschitzian.
The bounded linear functionals X yielding a subset of X is defined by (Def. 8) for every set x, x ∈ it iff x is a Lipschitzian linear functional in X.
One can check that the bounded linear functionals X is non empty and linearly closed.
Let f be an object. The functor Bound2Lipschitz(f, X) yielding a Lipschitzian linear functional in X is defined by the term (Def. 9) f (∈ the bounded linear functionals X).
Let u be a linear functional in X. The functor PreNorms(u) yielding a non empty subset of R is defined by the term (Def. 10) {|u(t)|, where t is a vector of X : t 1}. Let g be a Lipschitzian linear functional in X. Let us observe that PreNorms(g) is upper bounded.
The bounded linear functionals norm X yielding a function from the bounded linear functionals X into R is defined by (Def. 11) for every object x such that x ∈ the bounded linear functionals X holds it(x) = sup PreNorms(Bound2Lipschitz(x, X)). Let f be a Lipschitzian linear functional in X. One can check that Bound2Lipschitz(f, X) reduces to f . Now we state the proposition: (16) Let us consider a real unitary space X, and a Lipschitzian linear functional f in X.
Then (the bounded linear functionals norm X)(f ) = sup PreNorms(f ).
Let X be a real unitary space. The functor DualSp X yielding a non empty normed structure is defined by the term (Def. 12) the bounded linear functionals X, Zero(the bounded linear functionals X, X ), Add(the bounded linear functionals X, X ), Mult(the bounded linear functionals X, X ), the bounded linear functionals norm X . Now we state the propositions:
(17) Let us consider a real unitary space X, a point f of DualSp X, and a Lipschitzian linear functional g in X. Suppose g = f . Let us consider a vector t of X. Then |g(t)| f · t . The theorem is a consequence of (16). Let us consider a real unitary space X. Now we state the propositions:
(23) The bounded linear functionals norm X = the bounded linear functionals norm the real normed space of X. The theorem is a consequence of (21) and (22). (24) The linear functionals of X = the linear functionals of the real normed space of X. The theorem is a consequence of (19) .
(25) X = α, where α is the real normed space of X. The theorem is a consequence of (24).
(26) DualSp X = DualSp(the real normed space of X). The theorem is a consequence of (25), (21), and (23).
The Orthogonal Projection
Now we state the propositions: (27) [6, Sch. 3] . For every natural number n, z(n) ∈ M and S(n) = x − z(n) . Consider z being a sequence of X such that for every natural number n, z(n) ∈ M and S(n) = x−z(n) . Reconsider S 1 = S ·S, S 2 = S ·S as a sequence of real numbers. Reconsider S 3 = 2·S 1 , S 4 = 2·S 2 as a sequence of real numbers. For every real number e such that 0 < e there exists a natural number k such that for every natural numbers n, m such that n k and m k holds |S 3 [4, (56) ]. For every real number p such that p > 0 there exists a natural number k such that for every natural numbers n, m such that n k and m k holds z(n) − z(m) < p by [31, (31) , (33), (5)]. Consider x 0 being a point of X such that for every real number r such that r > 0 there exists a natural number m such that for every natural number n such that n m holds z(n) − x 0 < r. For every object y such that y ∈ rng z holds y ∈ N by [6, (11) ]. lim z ∈ N . There exists a natural number k 0 such that for every natural number n such that k 0 n holds S(n) = z − x (n) by [31, (33) ], [20, (31) , (56) x − y by [10, (17) ], [31, (5) ], [11, (30) ], [29, (26) every point x of X, f (x) = (x|y). The theorem is a consequence of (33), (37) , and (38).
(40) Let us consider a real unitary space X, a linear functional f in X, and points y 1 , y 2 of X. If for every point x of X, f (x) = (x|y 1 ) and f (x) = (x|y 2 ), then y 1 = y 2 .
(41) Let us consider a real Hilbert space X, a point f of DualSp X, and a Lipschitzian linear functional g in X. Suppose g = f . Then there exists a point y of X such that (i) for every point x of X, g(x) = (x|y), and
(ii) f = y .
Proof: Consider y being a point of X such that for every point x of X, g(x) = (x|y). f y . y f by (18) , [19, (4) ], (17) , [20, (28) ].
